Abstract. For a quasi-projective scheme M which carries a perfect obstruction theory, we construct the virtual cobordism class of M . If M is projective, we prove that the corresponding Chern numbers of the virtual cobordism class are given by integrals of the Chern classes of the virtual tangent bundle. Further, we study cobordism invariants of the moduli space of stable pairs introduced by Pandharipande-Thomas. Rationality of the partition function is conjectured together with a functional equation, which can be regarded as a generalization of the rationality and q −1 ↔ q symmetry of the Calabi-Yau case. We prove rationality for nonsingular projective toric 3-folds by the theory of descendents.
0. Introduction 0.1. Algebraic cobordism and virtual classes. Let M be a quasi-projective scheme which carries a perfect obstruction theory. The virtual fundamental class [M ] vir can be constructed in the expected Chow group A vir.dim (M ) by the methods of Li-Tian [10] and Behrend-Fantechi [3] . Virtual fundamental classes play crucial roles in the study of enumerative geometry.
Our first result in this paper is that the virtual fundamental class can be constructed in algebraic cobordism, the universal oriented Borel-Moore homology theory [8] , [9] . More precisely, if a quasi-projective scheme M carries a perfect obstruction theory, there exists a cobordism class [M ] vir Ω * ∈ Ω vir.dim (M ). Moreover, this universal virtual class yields virtual fundamental classes in other oriented BM homology theories (for example, the virtual cycle in Chow theory and the virtual structure sheaf in K-theory).
Chern numbers.
It is well known that cobordism classes over one point are governed by Chern numbers. Fixing n > 0, one can choose a basis {v I } of Ω n (pt) Q := Ω n (pt) ⊗ Q such that the class [X → pt] can be expressed as I=(i1,i2,...,in)
where X is smooth and of dimension n. For any class in Ω * (pt) Q , Chern numbers are defined to be the coefficients of such v I . Now assume M is projective. We can push forward the virtual cobordism class [M ] vir Ω * along the projection π M : M → pt. The following theorem concerns the Chern numbers of
vir Ω * ∈ Ω vir.dim (pt).
Theorem 0.
The Chern numbers of the cobordsim class π M * [M ]
vir Ω * are given by
Here [M ] vir ∈ A vir.dim (M ) is the (Chow) virtual fundamental class and T vir ∈ K 0 (M ) is the virtual tangent bundle obtained from the perfect obstruction theory.
A review of perfect obstruction theories, Chow virtual classes and the precise definition of virtual tangent bundles can be found in Section 1. 0.3. Moduli space of stable pairs and descendents. Let X be a nonsingular projective 3-fold, and let β ∈ H 2 (X, Z) be a nonzero class. We study here the moduli space of stable pairs
where F is a pure sheaf supported on a Cohen-Macaulay subcurve of X, s is a morphism with 0-dimensional cokernel, and χ(F ) = n, [F ] = β.
The projective scheme P n (X, β) carries a perfect obstruction theory obtained from the deformation theory of complexes in the derived category and the virtual dimension is equal to β c 1 (X) [19] . Since P n (X, β) is a fine moduli space, there exists a universal sheaf F → X × P n (X, β).
For a stable pair [O X → F ] ∈ P n (X, β), the restriction of F to the fiber
is canonically isomorphic to F . Let
be the projections onto the first and second factors. Since F has a finite resolution by locally free sheaves, the Chern character of the universal sheaf F is well-defined. The descendents τ i (γ) with γ ∈ H * (X, Z) are defined to be the operators on the homology of P n (X, β) π P * π For nonzero β ∈ H 2 (X, Z) and arbitrary γ i ∈ H * (X, Z), define the stable pairs descendent invariants by
Then the partition function of descendents is
Theorem 0.2. For any nonsingular projective 3-fold X, the integral
can be expressed in terms of descendent invariants.
Hence we can express the Chern numbers of π * [P n (X, β)]
vir Ω * in terms of descendents. 0.4. Cobordism invariants. Let π : P n (X, β) → pt be the projection. The virtual dimension β c 1 (X) is denoted by d. We obtain the cobordism invariant [P n,β ] by pushing forward the cobordism virtual fundamental class, i.e.
Note that when X is a Calabi-Yau 3-fold, we have d = 0. Then the invariants [P n,β ] ∈ Z are just the degree of the Chow virtual cycle, which are known as the PandharipandeThomas invariants, see Definition 2.16 of [19] . Now we define the partition function of stable pairs cobordism invariants to be
If we choose a basis {v I } of Ω d (pt) Q , the partition function can be written as
Here f I (q) ∈ Q((q)) is a Laurent series in q. It is clear that the right-hand side is a finite sum.
Conjecture 0.3. The partition function Z X Ω * ,β (q) satisfies the following properties:
When X is Calabi-Yau, it is clear that our conjecture specializes to Conjecture 3.2 of [19] which has been proved in [4] (Theorem 1.1). See also [25] , [24] and [23] .
The rationality of toric cases is proved in this paper. 0.6. Notation. We work over the field C. All schemes in this paper are assumed to be quasi-projective. We use pt to denote the scheme Spec(C). The functors of Chow theory and algebraic cobordism theory are denoted by A * and Ω * . We work with Zcoefficients unless stated otherwise. For a smooth scheme X, the cobordism fundamental 1. Virtual fundamental class in algebraic cobordism 1.1. Perfect obstruction theory. We work on a quasi-projective scheme M and assume it is globally embedded into a nonsingular scheme N with the corresponding ideal sheaf I. A perfect obstruction theory on M consists of the following data:
(1) A two term complex of locally free sheaves Clearly, only the information of the truncated complex L
is used in the data of a perfect obstruction theory. Hence we can use the explicit representative L
are both morphisms of complexes with ϕ 1 being a quasi-isomorphism and ϕ 2 inducing an isomorphism in h 0 and epimorphism in h −1 . Since M is quasi-projective, any coherent sheaf on M can be written as the quotient of a locally free sheaf. It implies that we may choose both G 0 and G −1 to be locally free. Hence we can use the following data as a perfect obstruction theory on a quasi-projective scheme M : (1.1)
where h 0 (φ) is an isomorphism and h −1 (φ) is an epimorphism. Equivalently, such data can also be written in the language of abelian cones (or linear spaces in the sense of [22] )
where
, and inducing an isomorphism on H 0 and a closed embedding on H 1 . From (1.1) we get a short exact sequence of abelian cones
) is the normal sheaf, and C(Q) is a closed sub-abelian cone of E 1 . The normal cone
freely and fiberwise (see [3] ). Hence the quotient cone
is a closed subscheme of the vector bundle E 1 . It is easily checked that dim(D vir ) = rk(E 0 ). The Chow virtual class defined in [10] and [3] is just the refined intersection of D vir with the zero section of the vector bundle E 1 , i.e.
[M ]
Finally we define the virtual tangent bundle to be the K-theory class
It is clear that T vir M only depends on the perfect obstruction theory. The virtual dimension is equal to rk(E 0 ) − rk(E 1 ).
1.2.
Deformation to the normal cone. With the assumption and notation above, we will construct a morphism σ : Ω * (N ) → Ω * (C M/N ) by the technique of deformation to the normal cone (see Chapter 5 of [5] , 3.2.1 and 6.5.2 of [8] ). The idea is to construct a family of embeddings M ֒→ N t parametrized by t ∈ P 1 , such that for t = 0, the embedding is the given embedding of M in N , and for t = 0 one has the zero section embedding of M in C M/N . We review the construction below.
Consider the embedding of M in N × P 1 which is the composition of M ֒→ N and the embedding of N in N × P 1 at 0 ∈ P 1 . Define
There is a projection π :
Here P (C M/N ⊕1) denotes the projective cone associated to the affine cone C M/N ⊕1. Now we denote by W • the open subset of W obtained by removing the component Bl M (N ) from the fiber over 0. Therefore the fiber over 0 in
The top row is the localization exact sequence (Theorem 3.2.7 of [8] ). Since the divisor C M/N moves in W • , the composition map j * j * is zero. So we get the following map 
Hence we get the following chain of maps
Theorem 1.1. Let M be a scheme which is embedded into a smooth scheme N . Give a perfect obstruction theory
there is a morphism of algebraic cobordism groups
independent of the choice of embedding and representative of the perfect obstruction theory.
The map σ M/N is just given by the chain above. It suffices to prove the independence. Since two different embeddings are dominated by the diagonal embedding, we only need to treat the following case.
Let i : M → N and i ′ : M → N ′ be two embeddings with a smooth map π :
Assume there are two representatives of a perfect obstruction theory:
We will show:
the same virtual class.
To simplify the proof, we introduce here an equivalent description of the map σ M/N . Consider the following Cartesian diagrams
It is easy to see that σ M/N can be obtained by the following chain of maps
Assume the image σ(1 N ) (resp. σ( 
where r is the rank of the relative tangent bundle T N ′ /N . In particular, we have
is the total space of the deformation to the normal cone constructed by the embedding i (resp. i ′ ). The map π :
Now we turn to prove (1) and (2).
Proof of (1) . We have the Cartesian diagrams:
According to the second description of σ M/N above, it suffices to prove (2) . Consider the following Cartesian diagrams:
Both 0 E1 and j are l.c.i. morphisms, therefore (j
With the same notation as above, we define
to be the virtual cobordism class of M with respect to the perfect obstruction theory
. By definition, the virtual cobordism class we construct yields the virtual fundamental class in Chow theory and the virtual structure sheaf in K-theory.
Twisted Chow theory and Chern numbers

Todd classes and twisted Chow theory. In order to obtain the formula of Chern numbers of π M * [M ]
vir Ω * (Theorem 0.1), we introduce here twisted Chow theory. We briefly review the construction. More details can be found in 4.1 and 7.4 of [8] .
Let Z[t] := Z[t 1 , t 2 , . . . , t n , . . . ] be the graded ring of polynomials with integral coefficients in the variables t i (i > 0) of degree i. Starting with Chow theory A * , we consider the oriented Borel-Moore homology theory X → A * (X) ⊗ Z Z[t] by extension of scalars.
Define the universal inverse Todd class operator of a line bundle L → X to be the operator on A * (X) [t] given by
Note that by the definition of the first Chern class operator, there are only finitely many terms in this power series. We can extend such operators to all vector bundles, i.e. there is a homomorphism Td
Let E be any vector bundle over X, then Td
t (E) can be expanded as (2.1) Td
The c I (E) are the Conner-Floyed Chern class operators. By the splitting principle, it can be checked easily that the Q-vector space generated by c I (E) (|I| = Σkn k = m) is same as the Q-vector space generated by I=(n1,...,n d ,... ) c i (E) ni (|I| = m). Now we can twist the oriented Borel-Moore homology theory A * [t] by the universal inverse Todd class operator to get a new theory A * [t]
(t) . The construction is the following:
for any scheme X. 
The new theory A * [t] (t) is still an oriented Borel-Moore homology theory. The following theorem linking algebraic cobordism theory Ω * and twisted Chow theory A * [t] (t) is crucial.
Theorem 2.1 ([8]). There is a canonical morphism
which induces an isomorphism after tensoring with Q.
Virtual class in A * (M )[t]
(t)
Q . We turn back to the virtual class and keep the same notation as in Section 2. By Theorem 2.1, we identify Ω * (X) Q with A * (X) [t] (t) Q for any scheme X.
If M is a smooth (or l.c.i.) scheme, we have the following formula for the fundamental class under the isomorphism between Ω * (M ) Q and
. It is obtained immediately by pulling back the fundamental class 1 pt along the projection M → pt. We have a more general formula which can be regarded as the virtual version of (2.2). The strategy of the proof is to chase the chain of maps from which we defined the virtual cobordism class.
Theorem 2.2. Let M be a scheme, and E
The proof is devided by 5 steps as follows.
Step 1. Let π 1 : C M/N → M be the projection. We claim that
Proof. Consider
We restrict the vector bundle π *
. For convenience, this vector bundle is also denoted by π * W T N . Now we have the following diagram
By (2.2), we have 1 N = Td
Consider the class
It is clear that u(θ) = 1 N ×A 1 . Hence
Step 2. Let π 2 : C M/N × M E 0 → C M/N be the projection. We have
(Note that we just use T N and E 0 to represent the corresponding bundles pulled back from M for notational convenience).
Proof. It follows from the definition of pull back in
Step 3. Let π 3 :
induces an isomorphism, there exists γ ∈ Ω rk(E0) (D vir ) such that π * 3 γ = β. We claim that
Proof. Since π * 3 induces an isomorphism, it suffices to prove π *
In fact, we have [
Step 4. Pushing forward by the embedding i :
Step 5. We prove Theorem 2.2
vir Ω * = Td
Proof. Let π 4 : E 1 → M be the projection. It suffices to prove that
Actually,
2.3. Chern numbers. The cobordism group Ω * (pt) has the structure of a graded ring. The morphism in Theorem 2.1 induces an isomorphism between the rings Ω * (pt) Q and Q[t]. Hence every class can be expressed in terms of homogeneous polynomials in the variables t 1 , . . . , t k , . . . . If M is a smooth scheme, we consider the expression of [M → pt] as homogeneous polynomials. By pushing forward the fundamental class of M to one point and formula (2.2), we get
where I = (n 1 , . . . , n d , . . . ) and t I = t In general, when M is a scheme carrying a perfect obstruction theory, similarly we push forward the virtual cobordism class along the projection π M : M → pt. By Theorem 2.2, we have
where I = (n 1 , . . . , n d , . . . ) and t I = t 
Stable pairs: descendents, generalized descendents and Chern characters
We use the same notation as in Section 0.3 and 0.4. For notational convenience, sometimes we just write P (X) to denote the moduli space P n (X, β).
3.1. Descendents and generalized descendents. Similar to the descendents defined in Section 0.3, we define the generalized descendents τ i,j (γ) as the following operators
Since π P : P (X) × X → P (X) is an l.c.i and proper morphism, we have the Gysin homomorphism π P * : H n (P (X) × X) → H n−6 (P (X)).
(Actually in our case, the push forward is just given by the Künneth decomposition.) Hence descendents and generalized descendents lie in H * (P (X)), i.e.
We show that generalized descendents can be expressed in terms of descendents. Consider the diagonal embedding δ : X → X × X. For γ ∈ H * (X), the class δ * γ has Künneth decomposition i u i ⊗ v i where u i , v i ∈ H * (X). In other words, let q i : X × X → X be the projection onto the i-th factor (i=1,2), then δ * γ = i q *
We look at the space P (X) × X × X. From the two projections p i :
, we obtain two sheaves F 1 , F 2 on P (X) × X × X by pulling back the universal sheaf F via p i . We have the following commutative diagram:
Lemma 3.1. We have the formula
Proof. By definition
With the notation as above, we have
Proof. We have the following commutative diagram
By the diagram above and Lemma 3.1, we have
This shows that generalized descendents can be written in terms of descendents.
3.2. Virtual tangent bundle. We study the virtual tangent bundle T vir of P n (X, β). See [19] for more details. Let
be the universal stable pair on P (X) × X. There is a perfect obstruction theory on P (X) such that the tangent-obstruction spaces at a pair I • ∈ P (X) are then given by the traceless extension groups Ext 1 (I • , I
• ) 0 and Ext
The element Rπ P * RHom(I • , I
• ) 0 in derived category represents a class in K 0 (P (X)) which is denoted by [Rπ P * RHom(I • , I
• ) 0 ]. Then by the description above, we have
And clearly by definition 
Here ⊗ L means the tensor product in derived category. By applying the Grothendieck-Riemann-Roch formula (see [1] ) to the morphism
where a ij ∈ Q and γ ij ∈ H * (X). Similarly, we have ch(Rπ P * O P (X)×X ) = π P * (π * X Td(T X )). Note that ch k (Rπ P * O P (X)×X ) = 0 if k > 0 for dimension reasons. Hence ch k (−T vir ) can be represented as in (3.4) when k > 0.
Cobordism invariants: rationality and functional equation
4.1. Rationality of the partition functions of descendents. The rationality of the partition functions of descendents was conjectured by Pandharipande-Thomas [20] and proved for nonsingular toric 3-folds in [17] . Actually, a stronger statement is proved in [17] . They showed that the rationality holds even for the T-equivariant partition function of descendents, where T is a 3-dimensional algebraic torus acting on the nonsingular toric 3-fold X (X need not be compact). See Theorem 1 of [17] . 4.3. Toric calculation. For a nonsingular toric 3-fold X acted upon by a 3-dimensional complex torus T. The T-character of the virtual tangent bundle T vir can be written explicitly (Theorem 2 of [20] ). For convenience, assume that the fixed loci of the torus action are isolated points on P n (X, β). Then by [6] Here T vir is the T-character of T vir | Q (the details of the localization formula of the virtual class [P n (X, β)] vir can be found in Section 4 of [20] ). Hence we can calculate each term c I n .
4.6.
Denominators. According to the numerical data above, we also conjecture the following statement about the poles of the rational functions. Note that although the Chern numbers can be expressed in terms of descendents, we are still not able to explain why Conjecture 0.3 (2) and Conjecture 4.3 hold from the property of descendents. New approaches might be needed to attack these problems.
